Abstract. The notion of direct integrals introduced in [10] is a generalisation of the well-known concept of Köthe-Bochner spaces of vector-valued functions (using a family of target spaces instead of just one space). Here we will discuss some classical geometric properties like strict convexity, local uniform convexity and uniform convexity in direct integrals. We will also consider strongly convex and very convex Köthe-Bochner spaces.
Introduction
Throughout this paper we will denote by (S, A, µ) a complete, σ-finite measure space and by E a Köthe function space over (S, A, µ), that is, E is a Banach space of real-valued measurable functions on S (modulo equality µ-almost everywhere) such that the following conditions are satisfied:
(i) χ A ∈ E for every A ∈ A with µ(A) < ∞ (where χ A denotes the characteristic function of A),
(ii) for every f ∈ E and every set A ∈ A with µ(A) < ∞ f is µ-integrable over A, (iii) if g is measurable and f ∈ E such that |g(t)| ≤ |f (t)| µ-a. e. then g ∈ E and g E ≤ f E , (iv) there exists a function f ∈ E such that f (s) > 0 for µ-a. e. s ∈ S.
As classical examples one can consider the spaces L p (µ) for 1 ≤ p ≤ ∞. If X is a Banach space, a function f : S → X is called simple if there are finitely many pairwise disjoint sets A 1 , . . . , A n ∈ A such that µ(A i ) < ∞
for all i = 1, . . . , n, f is constant on each A i and f (t) = 0 for every t ∈ S \ n i=1 A i . The function f is called Bochner-measurable if there is a sequence of simple functions which converges pointwise almost everywhere to f (in the norm of X).
By E(X) we denote the space of all X-valued Bochner-measurable functions f on S (modulo equality almost everywhere) such that f (·) ∈ E. A norm on E(X) is defined by f E(X) := f (·) E . E(X) is again a Banach space, the so called Köthe-Bochner space induced by E and X.
A generalisation of this concept, namely the notion of direct integrals, was introduced by Haydon, Levy and Raynaud in [10] . Let X be a real vector space and ( · s ) s∈S a family of norms on X such that for each x ∈ X the function s → x s is measurable. Denote by (X s , · s ) the completion of (X, · s ) for every s ∈ S.
Then a function f ∈ s∈S X s 1 is called Bochner-measurable if there is a sequence (f n ) n∈N of X-valued simple functions such that f n (s)−f (s) s → 0 for almost every s ∈ S. Note that if f is Bochner-measurable, then s → f (s) s is measurable. The direct integral of (X s ) s∈S with respect to E is defined as the space of all Bochner-measurable functions f ∈ s∈S X s such that ( f (s) s ) s∈S ∈ E, where we again identify two functions in s∈S X s if they agree almost everywhere. This space is denoted by ( ⊕ S X s dµ(s)) E . Endowed with the norm f E (Xs) := ( f (s) s ) s∈S E it becomes a Banach space. Note that for a single Banach space X we have (
If µ is the counting measure on S, then ( ⊕ S X s dµ(s)) E is just the usual E-direct sum s∈S X s E . Direct integrals of Hilbert spaces and von-Neumann algebras have been known before [10] and they have proved very useful in the theory of vonNeumann algebras, see for instance [6] . Also, in [2] a slightly different notion of L p -direct integral modules appeared (the main difference to the spaces ( ⊕ S X s dµ(s)) L p in the sense of [10] is that S carries a topology and the functions f : S → s∈S X s are supposed to be such that
In fact, the direct integrals are only a special case of a more general construction of spaces X E , where X is a so called randomly normed space, but we will not discuss this notion here. Instead, we refer the reader to [10] for information on properties of direct integrals/randomly normed spaces and their applications in Banach space theory. For more information on Köthe-Bochner spaces, one may consult the book [12] by Lin.
Here we would like to discuss some classical convexity properties in direct integrals. Let us briefly recall the definitions. For a Banach space X, we 1. Introduction denote by B X its closed unit ball, by S X its unit sphere and by X * its dual space. X is called strictly convex (SC) if x + y < 2 for all x, y ∈ S X with x = y.
X is called locally uniformly convex (LUC) if for every sequence (x n ) n∈N in S X and every x ∈ S X with x n + x → 2 one has x n − x → 0.
Finally, X is uniformly convex (UC) if for all sequences (x n ) n∈N , (y n ) n∈N in S X with x n + y n → 2 one has x n − y n → 0.
The latter fact can also be expressed in terms of the modulus of convexity of X, which is defined by
X is uniformly convex if and only if δ X (ε) > 0 for every ε ∈ (0, 2]. Also, X is said to be midpoint locally uniformly convex (MLUC) if the following holds: whenever x ∈ X and (x n ) n∈N is a sequence in X such that x n ±x → x , then x n → 0 (equivalently, whenever (x n ) n∈N and (y n ) n∈N are two sequences in S X and x ∈ S X such that x n + y n − 2x → 0, then
It is known (see for instance Corollary 5 in the work [11] of Hudzik and Wlaźlak) that a Köthe-Bochner space E(X) is SC/LUC/MLUC if and only if both E and X are SC/LUC/MLUC. All these results have been known before [11] (see the references therein), but the proof-technique of [11] using sublinear operators gives even more general results, which, as we shall see in Section 2, are also applicable to direct integrals.
Concerning uniform convexity, M. Day proved in [4] that for 1 < p < ∞ the ℓ p -sum of a family (X s ) s∈S of Banach spaces is UC if inf s∈S δ Xs (ε) > 0 for each ε and that the Lebesgue-Bochner space L p (µ, X) is UC if X is UC. In [5] he generalised his result to arbitrary direct sums with respect to a proper function space (in our language: a Köthe space E over a set with the counting measure; the E-direct sum (X s ) s∈S is UC if E is UC and inf s∈S δ Xs (ε) > 0 for every ε).
Day also noted in [5] that his argument generalises further to certain spaces of vector-valued functions, which in our language are Köthe-Bochner spaces: E(X) is UC if E and X are UC.
In [7] , P. Greim already studied uniform convexity (and uniform smoothness), as well as strict convexity (and smoothness) for the L p -direct integral modules of [2] that we have mentioned above. He also used Day's technique of [4] for uniform convexity. In the next section we will see that Day's result and its proof also directly generalise to the E-direct intergrals of [10] .
We will also consider two less well-known classes of spaces: very convex and strongly convex spaces. The former were introduced by Sullivan in [14] : X is called very convex (or very rotund) if whenever x ∈ S X , x * ∈ S X * and x * * ∈ S X * * are such that x * (x) = 1 = x * * (x * ) one already has x * * = x 1. Introduction (under the canonical identification of X with a subspace of X * * ). In [16] it was proved that X is very convex if and only if the following holds: if (x n ) n∈N is a sequence in S X , x ∈ S X and there exists a functional x * ∈ S X * such that x * (x n ) → 1 and x * (x) = 1, then (x n ) n∈N is weakly convergent to x.
The concept of strongly convex spaces was introduced in [15] : X is called strongly convex if it fulfils the above statement but with weak convergence replaced by norm convergence.
In the work [17] it was shown that the class of strongly convex spaces coincides with the class of so called almost locally uniformly rotund (ALUR) spaces and the class of very convex spaces coincides with that of the so called weakly ALUR spaces.
Concerning stability properties, it was proved in [16] that for p ∈ (1, ∞) the p-direct sum of any family of Banach spaces is very convex if and only if each summand is very convex. In [13] it was shown that a Köthe-Bochner space E(X) is strongly convex if E and X are strongly convex and X * has the Radon-Nikodym property.
In the next section we will see that this result also holds without the assumption on X * , and also that E(X) is very convex whenever X is very convex and E is strongly convex. For this we will need a suitable description of the dual of a Köthe-Bochner space. First recall that the Köthe dual E ′ of E is defined as the space of all measurable functions g : S → R (modulo equality a. e.) such that
Then (E ′ , · E ′ ) is again a Köthe function space and the operator R :
is well-defined, linear and isometric. Moreover, R is surjective if and only if E is order continuous (see [12, p.149] ), thus for order continuous E we have
Now if E is order continuous and X * has the Radon-Nikodym property, then the mapping T : E ′ (X * ) → E(X) * given by
is an isometric isomorphism. This follows for example from the general representation theory in [3] . This description was also used in [13] to obtain the aforementioned result on strong convexity in Köthe-Bochner spaces.
If X * does not necessarily have the Radon-Nikodym property, the description of E(X) * is more involved. First, a function F : S → X * is called weak*-measurable if F (·)(x) is measurable for every x ∈ X. We define an equivalence relation on the set of all weak*-measurable functions by setting F ∼ G if and only if for every x ∈ X F (t)(x) = G(t)(x) a. e. and we denote by E ′ (X * , w * ) the space of all equivalence classes of weak*-measurable functions F such that there is some g ∈ E ′ with F (t) ≤ g(t) a. e.
A norm on E ′ (X * , w * ) is defined by
Then the following deep theorem holds. 
is an isometric isomorphism. Moreover, every equivalence class
We will use this result in the proof of Theorem 2.3. Also, we will need the following two results on Köthe function spaces. The first one was used in [13] and in [11] (Lemma 2 there, see [1, Lemma 2 on p.97] for a proof). Lemma 1.2. If (f n ) n∈N is a sequence in E and f ∈ E such that f n − f E → 0, then there exists a function g ∈ E with g ≥ 0, a subsequence (f n k ) k∈N and a sequence (ε k ) k∈N in (0, ∞) which decreases to 0 such that
The second one is an abstract Lebesgue theorem for order continuous Köthe function spaces (see for instance [12, Theorem 3.1.7.]). Lemma 1.3. If E is order continuous, (f n ) n∈N is a sequence in E, f ∈ E such that f n → f pointwise a. e. and there exists g ∈ E with |f n | ≤ g for every n ∈ N, then f n − f E → 0.
Results and proofs
Henceforth we will assume that X is a real vector space endowed with a family ( · s ) s∈S of norms such the function s → x s is measurable for every x ∈ X, and (X s , · s ) is the completion of (X, · s ).
Concerning the properties SC/LUC/MLUC in direct integrals, the following holds true. (Compare with [7, Theorem 4] on strict convexity in the L p -direct integral modules of [2] .)
As mentioned above, these statements can be easily deduced from the results of [11] , which we shall now describe. Denote by L 0 (µ) the space of all equivelance classes of real-valued measurable functions. Let Z be a real vector space and S : Z → L 0 (µ) be a sublinear operator, i. e. S(x + y) ≤ Sx + Sy and S(λx) = |λ|Sx for all x, y ∈ Z and all λ ∈ R. Assume further that Sx ≥ 0 for every x ∈ Z and Sx = 0 only if x = 0.
Then one can consider the space D E (S) := {x ∈ Z : Sx ∈ E}, equipped with the norm
If X is a Banach space, Z is the space of all (equivalence classes of) X-valued Bochner-measurable functions and
Likewise, if Z is the space of all (equivalence classes of) Bochner-measurable functions f ∈ s∈S X s and S(f )(
For the general setting of spaces D E (S), the following notions were introduced in [11] :
(i) S is extreme at a point x ∈ Z if y ∈ Z and S(x ± y) = Sx implies y = 0.
(ii) S is strongly extreme at x ∈ Z if for any sequence (x n ) n∈N in Z one has that S(x n ± x) → Sx a. e. implies that Sx n → 0 a. e.
(iii) S is locally uniformly rotund at x ∈ Z if the following holds for any sequence (x n ) n∈N in Z: if S(x + x n ) → 2Sx a. e. and Sx n → Sx a. e., then S(x − x n ) → 0 a. e.
Then the following results were proved in [11] :
(a) If E is SC and S is extreme at every
(b) If E is MLUC and S is strongly extreme at every
(c) If E is LUC and S is locally uniformly rotund at every x ∈ Z, then
These results were then used to obtain the aforementioned results on the properties SC/LUC/MLUC in Köthe-Bochner spaces ( [11, Corollary 5] ). In the same way, one can deduce Proposition 2.1: if almost every X s is SC/MLUC/LUC, then it is easily checked that the sublinear operator S given by S(f )(s) := f (s) s is extreme/strongly extreme/locally uniformly rotund at every point f , so the result follows.
Next we will consider uniform convexity in direct integrals. As mentioned in the introduction, it is possible to generalise Day's results from [4, 5] . The proof is almost exactly the same as in [4, 5] , but we shall present it here again for the reader's convenience.
Theorem 2.2. Suppose that E is uniformly convex and that there is a null set N such that the function
In particular, under the above assumption on (X s ) s∈S , the Banach space ( Proof. Write Y := ( ⊕ S X s dµ(s)) E for short and let ε ∈ (0, 2). Let η := min{1/2, δ(ε/4)} and α := δ E (3ηε/4). 
Let t := βχ B , t ′ := βχ A and t ′′ :
where it was used that R(s) = δ(γ(s)/β(s)) ≥ δ(ε/4) ≥ η for each s ∈ A.
Since µ(N ) = 0 it follows that f + g Y ≤ 2 (1 − η)t ′ + t E and thus (2.
2) Now choose 0 < ω < min{ε, 2α} and τ > 0 such that 2(1−τ ) > 2(1−α)+ω and τ ≤ δ E (ω). Let f, g ∈ S Y such that f +g Y > 2(1−τ ). To complete the proof it suffices
It is easy to see that h is Bochner-measurable and h(s
As mentioned in the introduction, E-direct integrals are only a special case of a more general class of spaces X E , where X is a so called randomly normed space (see [10] ). In [8, 9] , Guo and Zeng studied randomly normed spaces (or even randomly normed modules) and introduced the notions of random strict convexity and random uniform convexity for them. They proved (in our notation) that X L p is strictly/uniformly convex if X is randomly strictly convex/randomly uniformly convex, where p ∈ (1, ∞).
It is likely possible to derive the statement of Proposition 2.1 on strict convexity of L p -direct integrals and the result of Theorem 2.2 on uniform convexity of L p -direct integrals from the results of Guo and Zeng. But the author found it is easier to work with the proof-techniques used above to obtain the more general results without ever refering to the notion of randomly normed spaces.
Next we turn to the announced result on strongly convex/very convex spaces. Theorem 2.3. Suppose that E is strongly convex. Then E(X) is strongly convex/very convex whenever X is strongly convex/very convex.
Proof. We will first prove the statement for very convex spaces and then indicate the necessary changes for the case of strong convexity. The proof is similar to the one from [13] for strong convexity under the additional assumption that X * has the Radon-Nikodym property. First, it must be noted that the strong convexity of E implies its order continuity (see [13] ). Now assume that X is very convex and take a sequence (f n ) n∈N in S E(X) , an element f ∈ S E(X) and a functional ϕ ∈ S E(X) * with ϕ(f ) = 1 and ϕ(f n ) → 1. We want to show that (f n ) n∈N converges weakly to f . Because of Theorem 1.1 we can find an element L ∈ E ′ (X * , w * ) such that ϕ = V (L) and a representative F ∈ L such that F (·) ∈ E ′ and F (·) E ′ = ϕ = 1. We have ϕ(f ) = S F (t)(f (t)) dµ(t) ≤ S F (t) f (t) dµ(t) ≤ F (·) E ′ f E(X) = 1 and thus S F (t) f (t) dµ(t) = 1 (2.5) and F (t)(f (t)) = F (t) f (t) a. e. ( F (t) f n (t) − F (t)(f n (t))) dµ(t) = 0.
So by passing to a subsequence we may assume that lim n→∞ ( F (t) f n (t) − F (t)(f n (t))) = 0 a. e. (2.8)
Since E is strongly convex it follows from (2.5) and (2.7) that f n (·) − f (·) E → 0. Because of Lemma 1.2 we can, by passing to a further subsequence, assume that lim n→∞ f n (t) = f (t) a. e. (2.9) and moreover that there is some g ∈ E with | f n (t) − f (t) | ≤ g(t) a. e. (for every n). From (2.8) and (2.9) we obtain lim n→∞ F (t)(f n (t)) = F (t) f (t) a. e. (2.10)
Now let A := {t ∈ S : F (t) = 0} and B := {t ∈ A : f (t) = 0}. By (2.5) we have 1 = S\A F (t) f (t) dµ(t) ≤ f (·) χ S\A E ≤ f E(X) = 1.
